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Duality-Induced Reflections and CPT

Heinrich Saller?!
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The linear particle—antiparticle conjugation C and position space reflection P as
well as the antilinear time reflection T are shown to be inducible by the self-
duality of representations for the operation groups SU(2), SL(C?), and R for
spin, Lorentz transformations, and time trandations, respectively. The definition
of a color-compatible linear CP-reflection for quarks as self-duality induced is
impossible since triplet and antitriplet SU(3)-representations are not linearly
equivalent.

1. REFLECTIONS
1.1. Reflections

A reflection will be defined to be an involution of a finite-dimensional
vector space V

v8v, ReR=id, - R=R!

i.e., aredlization of the parity group? 1(2) = { =1} in the V-bijections which
islinear for areal space and may be linear or antilinear for a complex space

aR(v) fora e Ror C (linear)

Rv+w) =RV + RWw),  Rlav) = {&R(v) fora e C (antilinear)

An antilinear reflection for a complex space V = C" isareal linear one for
itsreal forms V = R

The inversion of the real numbers « < —a is the ssimplest nontrivial
linear reflection, and the canonical conjugation « <> @ isthe simplest nontrivial

IMax-Planck-Ingtitut fir Physik and Astrophysik, Werner-Hoisenberg-Institut fir Physik,
Munich, Germany.

2Since the parity group is used as multiplicative group, | do not use the additive notation 7, =
{0, 1}.
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antilinear one, being alinear one of C considered asreal 2-dimensional space
C=R®IR.

Any (anti)linear isomorphism v: V - W of two vector spaces defines
an (anti)linear reflection of the direct sum

VOWESvew

which will be denoted in brief also by V < W,

1.2. Mirrors

Thefixpointsof alinear reflection Vi = {V|R(vV) = V}, i.e., the elements
with even parity, in an n-dimensional space constitute a vector subspace, the
mirror for the reflection R, with dimension 0 = m = n, with the complement
Vg = {VIR(V) = -V}, i.e, the elements with odd parity, for the direct
decompositionV = V£ @ Vg. Thecentrd reflection R= —id, hastheorigin
as a 0-dimensional mirror. Linear reflections are diagonalizable,

(1, O
=[5 )

with (m, n — m) the signature characterizing the degeneracy of =1 in the
spectrum of R. Conversely, any direct decomposition V = V* @ V™~ defines
two reflections with the mirror either V* or V™.

With (det R)? = 1 any linear reflection has either a positive or a negative
orientation. Looking in a 2-dimensiona bathroom mirror is formalized by
the negatively oriented 3-space reflection (X, y, 2) « (—X, Y, 2). The position-
space R® reflection X < —X with negative orientation or the Minkowski
spacetime trandation R* reflection x &' —x with positive orientation are
central reflections with the origins ‘here’ and ‘here-now’ as point mirrors.
A space reflection (X, >_()) & (Xo, —2) in Minkowski space or atime reflection
(Xos >_<)) & (—Xo, )_<)) both have negative orientation with a 1-dimensiona time
and 3-dimensional position space mirror, respectively.

1.3. Reflections in Orthogonal Groups
A real linear reflection

(1, O
=[5 )

can be considered to be an element of an orthogonal group O(p, q) for any®

3The orthogonal signature (p, ) has nothing to do with the reflection signature (n, m).
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(p, g) with p + q = n. A positively oriented reflection, det R = 1, is an
element even of the special orthogona groups, R € SO(p, q), p + q = 1.

Orthogonal groups have discrete (semi)direct factor parity subgroups
[(2), as seen in the simplest compact and noncompact examples

0(2) > < eel®={x1, «e]0 27

€ecosa €Sha
—sSna cosa /'

O(11) = e'(egﬁﬁ"ﬁﬁ e;;“;), eecl® BeR

In general, the classes of a real orthogonal group with respect to its special
normal subgroup congtitute a reflection group

O(p, 9)/SO(p, 9) = 1(2)

For real, odd-dimensional spacesV, e.g., for position space R2, one has direct
products of the special groups with the central reflection group, whereas for
even-dimensional spaces, ., a Minkowski space R*, there arise semidirect
products (denoted by X') of the special group with a reflection group which
can be generated by any negatively oriented reflection,

I(2) % SO(p. 0, ﬂrz;;q?;,d3i...,
= {+]
O(P. A = 1 12) X s0(p, g, p+q=2,4v1,...
I(2) = {R idy} withdet R = —1

In the semidirect case the product is given as follows:
(1,A) € 12) X SO (p, @) O (13, A1) (12, A)) = (Ipe I, Ago e Agely)

Obviousdly, in the semidirect case the reflection group [(2) is not compatible
with the action of the (special) orthogonal group,

p+g=24,..., detR=—-10 [R SO(p, 9)] # {0}

For example, the group O(2) is nonabelian, or a space reflection and a time
reflection of Minkowski space is not Lorentz group SO(1, 3)-compatible.

For noncompact orthogonal groups there is another discrete reflection
group: The connected subgroup Gy (unit connection component and Lie
algebra exponent) of a Lie group G is norma with a discrete quotient group
G/G,. The connected components of the full orthogonal groups are those of
the specia groups Ogy(p, ) = SOy(p, q). For the compact case they are the
specia groups; for the noncompact ones, one has two components
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SOq(n) = SO(n)
pa =10 SO(p, 0)/SOq(p, 0) = 1(2)
Summarizing: A compact orthogonal group gives rise to a reflection
group 1(2),
_ {iln}_>)< SO(n), n=13,...
O(n) = { 12) X SO(n), n=24,...
with 1(2) = {R, 1.}, detR= -1
a noncompact one to a reflection Klein group 1(2) X 1(2),
{*1pd X [ X SOu(p, Q)], P+q=35,...
=1.0(p,q = =
Pa=10(p. 9 {u(2> X [{+15.g X SO(p. Q)] P+a=24,...
with 1(2) = {R 1.}, detR= -1

For a noncompact O(p, g) with p = 1 the connected subgroup is the
orthochronous group, compatible with the order on the vector space V =
R*9, eg., for Minkowski spacetime

0(1,3) = 1(2) X [I(2) X SO(1, 3)]
where the reflection Klein group can be generated by the central reflection
—1, and a position-space reflection P
12 X 1(2) ={P, 1} X {*x1} ={*1, P T = —P},
[SOq(1, 3), P] # {0}

|0 ~1 0
P‘(o —13>' T‘_14°P‘<o 13)

Also, the connected subgroup SOg(p, ) may contain positively oriented
reflections, which are called continuous since they can be written as exponen-
tials R = € with an element of the orthogonal Lie algebra,* | e log SOq(p,
q), e.g., the central reflections —1,, € SO(2n) in even-dimensional Euclidean
spaces, e.g., in the Euclidean 2-plane. A negatively oriented reflection R of
a space V can be embedded as a reflection R © S with any orientation of a
strictly higher dimensional space V © W,

vV  deR= -1
VOWE VOW det(ROS = — det S

4log G denotes the Lie algebra of the Lie group G.
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where, for compact orthogonal groupsonV and V ®© W, areflection R©® S
with det S= —1 isacontinuous reflection, i.e., arotation. There are familiar
examples [2] for O(n) < SO(n + 1): Two L-shaped noodles lying with
opposite helicity on a kitchen table can be 3-space-rotated into each other,
or a left- and a right-handed glove are identical up to Euclidean 4-space
rotations. The embedding of the central position-space reflection into Min-
kowski spacetime can go into a positively or negatively oriented reflection
which are both not continuous, i.e., they are in the discrete Klein reflec-
tion group

1 (:01 _01 ) {P, —1,} C O(1, 3)/SOy(L, 3)
3

2. REFLECTIONS FOR SPINORS

The doubly connected groups SO(3) and SOg(1, 3) can be complex
represented via their simply connected covering groups SU(2) and
SL (C?),° respectively,

SO(3) = U@ +1},  SOu(L 3) = SL(CHA +1,}

Thereflection group { =1,} for the SO(3)-classesin SU(2) and the SO(1, 3)-
classes in SL(C? contains the continuous central C?reflection —1, =
dm3 ¢ SU(2).

2.1. The Pauli Spinor Reflection

The fundamental defining SU(2)-representation for the rotations acts on
Pauli spinors W = C?,

u=6" e SUQR)  (Pauli matrices o)
They have an invariant antisymmetric bilinear form (spinor ‘metric’)
e WXW C, e, YB) = "B = —€BA AB=12

which defines an isomorphism with the dual® space WT = C2? which is
compatible with the SU(2)-action—on the dual space as dual representation
U (inverse transposed)

5Throughout this paper the group SL(C?) is used as real 6-dimensional Lie group.

6The linear forms VT of a vector space V define the dual product VT X V — C by (o, V) =
(V) and dual bases by (g, €) = 8k Transposed mappings f : V - W are denoted by T :
W VT With(f (o), V) = (e, F(V)).
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wotow Vet
- L U — u—lT — u*—l =10= (e—lour)T
wooowr u=ctoloe

=1}

e =y
—og=€e¢logToe

e connects the two Pauli representations with reflected transformations of
the spin Lie algebra log SU(2), i.e, it defines a central reflection for the
three compact rotation parameters o,

eio_&? & (e—i&’&’)T

ido e logSUQ2) =R3, S —a

and will be called the Pauli spinor reflection

WO WL Ao g, [e, SUQR) = {0}
The mathematical structure of self-duality as a reflection generating
mechnism is given in the Appendix.
2.2. Reflections C and P for Weyl Spinors

The two fundamenta SL (C?)-representations for the Lorentz group are
the the left- and right-handed Weyl representations on vector spaces W, ,
Wi = C? with the dual representations on the linear forms WY g,

|eft: A= @B 2 gL (C?), rightt A =AY = @BV
left dual: X = N1T = [el& BT, right dual: AT = X\ = [e("@+B)T]T

The Wey! representations with dual bases in the conventional notations
with dotted and undotted indices’

left: 1A e W= C?, rightt rA e Wy = C2
left dual: ri e W = C?, right dual: 13 e Wk = C?

are sdlf-dual with the SL(C?)-invariant volume form on C?, i.e., the dual
isomorphisms are Lorentz-compatible,

A
5

WL W Wk Wi
Ekl leL, eRl lER
W WR WE o WE

For the Lorentz group the spinor ‘metric’ will prove to be related to the

"The usua strange-looking crossover association of the letters I* and r* for right- and left-
handed dual spinors, respectively, will be discussed later.
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particle—antiparticle conjugation, and will be called Weyl spinor reflection,
denoted by C € {e, €r},

Cc
W © W, |A o Bry
c : -
Wg < WE, rd o Bl

There exist isomorphismsd between |eft- and right-handed Weyl spinors,
compatible with the spin group action, but not with the Lorentz group SL (C?),

51 b, Ue= T € SUQ)
We - Wy oo

They connect representations with a reflected boost transformation, i.e., they
define a central reflection for the three noncompact boost parameters 3,

S s D o o

e(iOL B & éiu —B)o

—

oF clogSL(C)NogSUR) =R%, B -

These isomorphisms induce nontrivial reflections of the Dirac spinors ¥ e

W, @ Wy = C4
(1" 5 [0 BE\[IB\ _
(8 o)

with the chiral representation of the Dirac matrices
. 0 a-j ) - o -
’YJ = (6_] O)l O-J = (121 0-)1 0-] = (12! _0-)

and will be called Weyl spinor boost reflections P = 3, later used for the
central position-space reflection representation,

P .
Woo Wk, Ao SArA

P .
WI & WLk o SAI

Therewith all four Weyl spinor spaces are connected to each other by
linear reflections,
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o T YR PS@ #{0, [PSUE@I = {0}

W o wr [CSLE)] = {0

3. TIME REFLECTION

The time representations define the antilinear reflection T for time trans-
lation. The different duality with respect to SL (C?) and Lorentz group repre-
sentations, on the one hand and time representations, on the other hand, leads
to the nontrivial C, P, T cooperation.

3.1. Reflection T of Time Trandations

Theirreducibletime representations, familiar from the quantum mechan-
ical harmonic oscillator with time action eigenvalue (frequency) o, with their
duals (inverse transposed), are complex 1-dimensional,

t— et e GL(U), t—eteGLU), U=C=UT

They are self-dual (equivalent) with an antilinear dual isomorphism which
is the U(1)-conjugation for a dual basisu € U, u* € U,

—»
eflwt

The antilinear isomorphism [J defines a scalar product which gives rise to
the quantum mechanical probability amplitudes (Fock state for the har-
monic oscillator)

UxXU-C, Ujuy = (U, uy =1

and defines the time reflection T = Ofor the time trandations
eimt L e—imt' t (I) _ t

3.2. Lorentz Duality versus Time Duality

As anticipated in the conventional, on first sight strange-looking, dual
Weyl spinor notation, e.g., | € W_ and I* e WE, the Weyl spinor spaces
W ¢ with the dual |eft- and right-handed SL (C?)-representations are not the
spaces with the dual time representations as exemplified in the harmonic
analysis of the left- and right-handed components in a Dirac field,



Duality-Induced Reflections and CPT 329

100 = f d% s(g " etu°(g) + e%arS(q)
mJ. ﬁ

e [ A% (g eUE@) + eac(@)
IA(X) - j S <m>A \/E

A exiun(a) _ efxiqa*C(a)

A _ [ 9% .40
"0 = | G (m) 7

e [ B3 (g e (@) — eac(a)
ra(x) —J(zw)ss (m)A 7

S<%> N \/W <1 + qoo-f m)’ q = (do, a)v Qo = \/m

Here, S(g/m) e SL(C?) isthe Weyl representation of the boost from the rest
system of the particle to a frame moving with velocity G/q, (solution of the
Dirac equation), u® and a are the creation operatorsfor particles and antiparti-
cles with spin 1/2 and opposite charge number +1 and third spin direction,
e.g., for electron and positron, ug and a € are the corresponding annihila-
tion operators.

Here, [ldenotes the time representation dual U <> U*, and T the Lorentz
representation dual W < W' (with spinor indices up and down), i:e., for the
four types of Weyl spinors

time dual
" e W, e WE=W
Lorentz dual¢ ¢Lorentz dual
* T _ \W* A
rA (S W WR m e WR

Time representation duality does not coincide with Lorentz group representa-
tion duality.

The antilinear time reflection [U(1)-conjugation] T = Ois compatible
with the action of the little group SU(2), not with the full Lorentz group,

W, S WE, 1A o 5A %
}, [T,SL(C)] #0, [T, SU@)] =0

Wi & WT, A o sRA%
3.3. The Cooperation of C, P, T in the Lorentz Group

It is useful to summarize the action of the linear Wey! spinor reflections
C (particle—antiparticle conjugation) and P (position-space central reflection)
and the antilinear time reflection T in the two types of commuting diagrams
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P .
w5 w _ R ST
Ct $C with cC 3 $ ¢

AT
WL g Wk By g N e}
T T :
W, e WL _ A © SPBIE
C 0 0 C with C 0 1 C
Al < Wi e"Brg < 3"BegarA

with the compatibilities

[C, SL(C?)] = {0}, [Pand T, SL(C?] # {0}, [P and T, SU(2)] = {0}

[C,P] =0, [C,T] =0, [P, T]=0
The product CPT is an antilinear reflection of each Weyl spinor space,
e.g., for the left-handed spinors
W|_ C(E)T W|_, IA And SQGABSBBIB
involving an element of the group SL (C?), even of SU(2),

0 1

CPT ~ dAe"B8a5 = UA = (_1 0

) = d™22 ¢ SU(2) C SL(C?)

This element gives, in the used basis, for the Lorentz group a w-rotation
around the second axis in position space, i.e., a continuous reflection

-1 0 O
SU(2) 5 €m22 ( 0O 1 o0 ) e SO(3), %Y, 2e(—=xY —2
O 0 -1

Thefact that the antilinear CPT-reflection is, up to anumber conjugation
(indicated by overbar), an element of SL (C?), covering the connected L orentz
group SOy(1,3), isdecisivefor the proof of thewell-known CPT-theorem([4, 3]

CPT e SL(C?

4. SPINOR-INDUCED REFLECTIONS

The linear spinor reflections e for Pauli spinors and C, P for Weyl
spinors are inducible on al irreducible finite-dimensional representations of
SU(2) and SL (C?) with their adjoint groups SO(3) and SO(1, 3), respectively,
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via the general procedure: Given the group G action on two vector spaces,
its tensor product representation reads

G X (V1®Vy) - Vi ® Vy, ge (vi®vy) = (geVvy) D (gevy)
A redlization of the simple reflection group [(2) = {£1} is either faithful
or trivial.

4.1. Spinor-Induced Reflection of Position Space

The reflection W WT for a Pauli spinor space W = C? induces the
central reflection of position space whose elements come, in the Pauli repre-
sentation of position space, as traceless hermitian (2 X 2) matrices

- - - - X X —iX
X: WoW  trx =0, X = X* = s 1 2
X, +iXy  —Xg

i.e., as elements? of the tensor product W ® WT with the induced e-reflection

- e > e 4o -
—0 = egtole 0 X © egXle = —X

In the Cartan representation the Minkowski spacetime trandations are
hermitian mappings from right-handed to left-handed spinors,

. ok [ X0t X X — X
X Wr - W, X_X*_(xl+ix2 Xo_Xs)

i.e, tensors in the product W, ® WE. The linear CP-reflection for Weyl
spinors
WEWE WS W]
induces the position-space reflection of Minkowski spacetime,
ol =(1p0), e€lo(e)oe=0;= (L~ 0)

Xo — X3 —X + iX

B 10T
X=(Xg, X) € "0X Oe = .
(XO ) <_X1_ 1Xo X0+X3

) = (%, — X)
4.2. Induced Reflections of Spin Representation Spaces

All irreducible complex representations of the spin group SU(2) with
21 =0, 1, 2, ... have an invariant bilinear form arising as a symmetric

8The linear mappings {V — W} for finite-dimensional vector spaces are naturally isomorphic
to the tensor product W ® VT with the linear V-formsV™.
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tensor product of the antisymmetric spinor ‘metric’ e. The bilinear form is
given for the irreducible representation [2J] = [ u on the vector space (%
W = C?*1 by the corresponding totally symmetric® power and is antisymmet-
ric for half-integer spin and symmetric for integer spin,

2 +eX(w,v), 22=0,2,4,...
2) — 2J _ ] ’ y &y Ty
€~ = \/ €, e“(v, w) = {_€2J(W, V), 2J=1,3,...

The complex representation spaces for integer spinJ = 0, 1, . . ., acted
upon faithfully only with the specia rotations SO(3) = SU(2)/{ =1,}, are
direct sums of two irreducible real SO(3)-representation spaces R¥*1 where
the invariant bilinear form is symmetric and definite, e.g., the negative-
definite Killing form —15 for the adjoint representation [2] = u T u on R®,

The Pauli spinor reflection induces the reflections for the irreducible
spin representation spaces

2] 2
V=\W=C?1t VeV

For integer spin (odd-dimensional representation spaces) the two rea
subspaces with irreducible real SO(3)-representation come with a trivia
_13'9 123+1 and a faithful _13 = _12J+1 € O(ZJ + 1)/80(2J + l)
representation of the central position-space reflection, as seen in the diagonal -
ization of the induced reflection

01\ (10
<1o>:<0—1)’ J=0
0 ey 0 e , J _1
B :< elo 2
[e¥]"1 0
0 _13 ~ 13 0 J — 1
_13 0 O _13 '
etc.

The decomposition for the integer spin representation spaces uses sym-
metric and antisymmetric tensor products, as illustrated for the scalar and
vector spin representation with a Pauli spinor basis,

9\/ and /\ denote symmetrized and antisymmetrized tensor products.
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€

WEW,  h oy, ) =%
Uk @ UA o A @ U, J=0
CAUA @ UB o — cAUB @YK, J=1

Writing for the tensor (anti)commutator [a, bl = a® b + eb ® awith e =
+1, one hasin both cases onetrivia and one faithful reflection representation,

[4’/& l!—‘A]e « E[llf’A(, ll’A]e J=20
[ll»’:’&(_r)é, l!—‘B]e « _E[lbxgé, l’JB]E, J =1

4.3. Induced Reflections of Lorentz Group Representation Spaces

WTRQWSWR W, {

The generating structure of the two Weyl representations induces C, P-
reflections of SL (C?)-representations spaces.

The complex finite-dimensional irreducible representations of the group
SL (C?) are characterized by two spins [2L|2R] with integer and half-integer
L,R=0,12,1,....They are equivaent to the totally symmetric products
of the left- and right-handed Weyl representations

- =S o

Weyl left:  [1]0] = A = @)% Weyl right: [0[]1] = A = &idF)W

2L 2R 2L 2R
[2LI2R] = \/ A ® \/ N actingon V=\/ W ® \/ Wg = CE+DERTY)

[2L|2R] and [2R|2L] are equivalent with respect to the subgroup SU(2)-
representations. Theinduced reflections are given by the corresponding prod-
ucts of the Weyl spinor reflections.

The real representation spaces for the Lorentz group SOy(1, 3) are
characterized by integer spin

L+R=012...

They are all generated by the Minkowski representation [1/1] = A ® X,
where the complex 4-dimensional representation space is decomposable into
two real 4-dimensional ones, a hermitian and an antihermitian tensor,

Cr=WROWEs IQI*=z=x+ia e R*QIR*
With Wey! spinor bases the induced linear reflections for the Minkowski

representation look as follows [with ol = (1, E’) =¢jand oj = (1, —0)
ol &7, ol STy

“ C “
O'J'T, *oj <—>I’(rJ-T r*

lo

Oj
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. CP oGP .i CP .
ol & af, [*oll & lofl*, r*Gir & ragfr*

and can be arranged in combinations of definite parity, e.g., for P with Dirac
spinors in a vector ¥y and an axia vector WylysW. The antilinear time
reflection has to change in addition the order in the product,

OT T i T
ol e oy, *oll & I*agyl, r*glr & r<gjr

4.4. Reflections of Spacetime Fields

A field ® is a mapping from position space R2 or, as relativistic field,
from Minkowski spacetime R* with values in a complex vector space V with
the action of a group G both on space(time) and on V. This defines the action
of thegroup onthefield ® — g @ ® = ;® by the commutativity of the diagram

R, R* 29 R3 R
® oy Lo () = D(@PO(@Hx) for ge G
VooV

For position space the external action group is the Euclidean group O(3)
X R3, for Minkowski spacetime the Poincaré group O(1, 3) X R* Thevaue
space may have additional integral action groups, e.g., U(1), SU(2), and
SU(3) hypercharge, isospin, and color, respectively in the standard model for
quark and lepton fields.

For Pauli spinor fields on position space the O(3)-action has a direct
SU(2)-factor and a reflection factor 1(2),

U R3S W= C?
W(X) = DU (OU™X), U e SU(), Ou) e SOE)
{q;A(i) S PBYE(—X), position reflection 1(2)
Spacetime fields have the Lorentz group behavior
WPX) = DO\).POANYxX, NeSL(C), ON) e SO« 3)

The antilinear time reflection uses the conjugation to the time dual field

D(x, X) © D*(—xo, X)
The reflections for Weyl spinor fields on Minkowski spacetime are
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1A%, X) & 84 (%, —X)
(A1) (%, X) S (€28 15, 815) (%, X)
(A1) (X0 X) S (BABIE, SABrE) (%o, —X)

(A1) (0, X) & (315, 5%13)  (—0, X)
which is inducible on product representations.

5. THE STANDARD MODEL BREAKDOWN OF P AND CP

A relativistic dynamics, characterized by a Lagrangian for the fields
involved, may be invariant with respect to an operation group G, e.g., the
C, P, and T reflections, or not. A breakdown of the symmetry can occur in
two different ways. Either the symmetry is represented on the field value
space V, but the Lagrangian is not G-invariant, or there does not even exist
a G-representation on V. Both cases occur in the standard model for quark
and lepton fields.

5.1. Standard Model Breakdown of P

The charge U(1) vertex in electrodynamicsfor a Dirac electron—positron
field W interacting with an electromagnetic gauge field I

_FJ T’y]\lf = _F] (I*O'jl + r*(‘i'jr)

isinvariant under P and T if the fields have the Weyl spinor-induced behavior
given above.

In the standard model of leptons [5] with a left-handed isospin doubl et
field L and a right-handed isospin singlet field 1 the hypercharge U(1) and
isospin SU(2) vertex with gauge fields Ay and B,, respectively, and interna
Pauli matrices 7 reads

* < 1 * B * < :r)
—Aﬁ<L anL +r O'Jr) +BiLro SL
All gauge fields are assumed with the spinor-induced reflection behavior.
The P-invariance is broken in two different ways. One component of the
lepton isodoublet, e.g., 1 = ; (- 5 LE N W, = C?, can be used together

with the right-handed isosinglet r as a basis of a Dirac space ¥V € W &
Wy = C* with a representation of P. This is impossible for the remaining



336 Saller

unpaired left-handed field %@
be defined. However, aso for the left—right pair (I, r) the resulting gauge
vertex breaks position space reflection P invariance via the familiar neutral
weak interactions, induced by avector field Z; arising in addition to the U(1)-
electromagnetic gauge field I,

L € W = C?>—here P cannot even

Aj * B'3 * v * X Py Pyl
— *oll — Arralr = —ITWy¥ — ZWy'ys¥

with (2) - %(—31 1)@3)

There is no parameter involved whose vanishing would lead to a P-
invariant dynamics.
5.2. GP-Invariance in the Standard Model of Leptons

The CP-reflection induced by the spinor ‘metric’

CcP AF
W E WL 1A o SAPRlR

cpP A A
Wi & W/, ™ o SReBrg

has to include also a linear reflection of internal operation representation
spaces in the case of Weyl spinors with nonabelian internal degrees of
freedom.

For isospin SU(2)-doubl ets this reflection is given by the Pauli isospinor
reflection discussed above and is denoted as internal reflection by | = e,

u e SU(2)(isospin)

u % U
€l L, b edit ab=12
UT E) UT —?:E_loq_-)Toe

Therewith thelinear GP-reflection as particle—antiparticle conjugation includ-
ing nontrivial isospin eigenvalues

G=1IC, GP = ICP
reads for |eft-handed Weyl spinors and isospinors
W RUEWLRUT, Lo shchBedL,
The antilinear T-reflection uses the U(2)-scalar product
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USUT,  UXUSC, @b =8

W ®USWE® Up, LA o 5ABgabLE

The isospin dual coincides with the time dual UT = U*.
In the product CPT there arises, in the basis chosen, an isospin
transformation €%, = €722 e SU(2),

W RUBTTW U, Lo 58 5ue™ 5yl
decisive to prove the GPT-theorem with
ICPT € SU(2) X SL(C?

With the spinor-induced reflection behavior for the gauge fields the standard
model for leptons, i.e., with internal hypercharge-isospin action, allows the
representation of GP and T with the gauge vertex above being GP- and
T-invariant.

5.3. CP-Problems for Quarks

If quark triplets and antitriplets which come with the dual defining SU(3)
representations are included in the standard model, an extended CP-reflection
has to employ a linear reflection y between dua representation spaces of
color SU(3), i.e., an SU(3)-invariant bilinear form of the representation space,

D(u)
yt} 5 sy D: SU@B) - GL(U) (color representation)
Ut Ut ' vy leD(U) ey =Dl foralue SUQ)
D(u)

The situation for isospin SU(2) and color SU(3) is completely different
with respect to the existence of such alinear dual isomorphismy: All irreduc-
ible SU(2)-representations [2T] with isospin T = 0, /2, 1, ... have, up to
ascalar factor, a unique invariant bilinear form \/?"e as product of the spinor
‘metric’ discussed above.

That is not the case for the color representations. Some representations
are linearly self-dual, some are not.

The complex irreducible representations of SU(3) are characterized by
[Nz, Np] with two integers N;, = 0,1,2, . ... They arise from the two funda-
mental triplet representations, dual to each other and parametrizable with
eight Gell-Mann matrices \:

triplet: [1,0] = u= €%,  antitriplet: [0,1] =0 =u"1T= ()T
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The SU(3)-representation [Ny, N,] acts on vector space U with dimp, U =
(N; + D)(N, + I)(N; + N, + 2)
> :

Dual representations have reflected integer values [Ny, N5] < [Ny, N4]. Only
those SU(3)-representations whose weight diagram is central reflection sym-
metric in the real 2-dimensional weight vector space (Appendix) have one,
and only one, SU(3)-invariant bilinear form[1], i.e., they are linearly self-
dual. Dual representations have weights which are reflections of each other,

weights [Ny, N;] < weights [Ny, Ni]
Therefore, one obtains as self-dua irreducible SU(3)-representations
weights[N;, N;] = —weights [N, N)] = Ny = N, = N
O dm,U=(N+1)3=18,27,...

For example, for the octet [1, 1] as adjoint SU(3)-representation, the Killing
form defines its self-duality.

A genera remark (Appendix): The Lie group SL (C'*1) with its maximal
compact subgroup SU(r + 1) of rank r is defined as invariance group of the
Cr+1-volume elements, which are totally antisymmetric (r + 1)-linear forms
e -a+1 Their complex, finite-dimensional, irreducible representations are
characterized by r integers[Ny, . . ., N;] with the dual representations having
thereflected order [N, . . ., Ni]. The weights (eigenvalues) for dual represen-
tations are related to each other by the central weight space reflection —1,
which defines the linear particle—antiparticle conjugation | for SU(n). Only
for n = 2 [isospin SU(2)] are al representations [N = 2T] self-dual with
their invariant bilinear form arising from € for [1]. The n = 2 self-duality
of the doublet u(2) = u(2) is replaced for n = 3 by the equivalence of
antisymmetric triplet square and antitriplet representation u(3) Ou(3) = U(3),
i.e, 303 = 3, with the obvious generalization /\'u(r + 1) = u(r + 1) for
general rank r.

Obvioudy al SU(r + 1)-representations have an invariant sesquilinear
form, the SU(r + 1) scalar product. However, this antilinear structure cannot
define a linear particle—antiparticle conjugation.

It is impossible to define a CP-extending duality-induced linear GP-
reflection for the irreducible complex 3-dimensional quark representation
spaces since there does not exist a color SU(3)-invariant bilinear form of the
triplet space U = C3. Or equivalently: There does not exist a (3 X 3) matrix
v for the reflection —X = y~Lo XT o y of al eight Gell-Mann matrices.
Therewith there arise also problems to define an SU(3)-compatible time
reflectionfor quark triplet fields. Could al thisbethereason for the breakdown
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of CP-invariance in the quark field sector and its parametrization (e.g.,
Cabibbo—K obayashi—Maskawa) with three families of color triplets?

APPENDIX. CENTRAL REFLECTIONS OF LIE ALGEBRAS

A representation of a group G on a vector space V is self-dual if it is
equivalent to its dual representation, defined by the inverse transposed action
on the linear forms V7,

> - 2M sw-oe

i.e, if the following diagram with alinear or antilinear isomorphism {: V -
VT commutes with the action of all group elements:

D(9)

v 2 v
& 15 [ toD(@Tel=D(@Y) foralgeG
VT VT

SIE)

Self-duality is equivalent to the existence of a nondegenerate bilinear (for
linear ¢) or sesquilinear form (for antilinear ) of the vector space V,

VXV G lwv) = {w), V)
selfdua  ((gew, gev)={((wVv), gev=D(g)WV)

For the Lie algebraL = log G of aLiegroup G with dual representations
in the endomorphism algebras AL (V) and AL (VT) which are negative trans-
posed to each other

P L~ AL(V) < oo
9: L - AL(VT)}’ o) = —=()
a self-duality isomorphism, i.e., the reflection V & V7, fulfills
(lowv) = —fwlev), lev=39(I)(v)
and defines the central reflection of the Lie algebra in the representation

a(l)

v SV
R W leg()Ter = —3(1) foral | elogG
VT VT

()

With Schur’s lemma, an irreducible complex finite-dimensional repre-
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sentation of a group or Lie algebra can have at most, up to a constant, one
invariant bilinear and one invariant sesquilinear form. For example, Pauli
spinors for SU(2) have both €8 (bilinear) and 58 (sesquilinear, scalar prod-
uct), A, B = 1, 2, quark triplets have only a scalar product 8%, a, b = 1, 2,
3, and Weyl spinors for SL(C?) have only the bilinear ‘metric’ €”&.

For a smple Lie algebra L of rank r, the weights (eigenvalue vectors
for a Cartan subalgebra) of dual representations % and % are related to each
other by the central reflection of the weight vector space R',

weights Z[L] < weights S[L]

which may be induced by a linear isomorphism ¢ of the dual representation
spaces. Such a linear isomorphism for an L-representation exists [1] if, and
only if, the weights of the representation %: L —» AL (V) are invariant under
central reflection,

V& VT o weights D[L] = —weights B[L]
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